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ABSTRACT.   Let A be a local ring with maximal ideal m.   Let

f'e A, and define uA(f) to be the multiplicity of the A -module A/Af with

respect to m.   Under suitable conditions nA(fg) = P¿(f) + M^C?)-   The

relationship of pA to reduction of A, normalization of A and a quadratic

transform of A is studied.  It is then shown that there are positive integers

««,..., ns and rank one discrete valuations Uj,.-., vs of A centered at m such

that uA(f) = «!"!(/) + • • • + nsvs(f) for all regular elements / of A.

Let A be a nonnull noetherian local ring with maximal ideal m. Let d

be the (Krull) dimension of A, the maximal length of a chain of prime ideals of

A, excluding A. Let k be the residue field A/m, and let GmA be the associated

graded ring of A with respect to m.

Let fEA.  IfAjAfis of dimension d - 1 define ßA(f) to be em(A\Af),

the multiplicity of the A-module A\Af relative to m in dimension d- 1 [6, p. V-2]

or the multiplicity of the local ring A/Af ([7, p. 294], or[3, p. 75] ). If A/Af is

of dimension d, define ßA(f) to be °°.   Call ßA(f) the multiplicity off (at m

in A).

If A is a regular local ring, pA is known to be the order valuation of A

[3, 40.2, p. 154]. If A is entire ßA(fg) = ßA(f) + ßA(g) (Proposition 1, §1).

The order function vA of A [7, p. 249] satisfies vA (/ + g) > min {vA(f), vA(g)},

and (Proposition 2, § 1) vA is a valuation if and only if ßA is a multiple of vA.

If the ideal (0) is unmixed in A, ßA is found to extend to the compo-

nents of A (Lemma 2, §2).  If A is of dimension one, ßA is found to extend to

the normalization of A (Lemma 3, §2).  The extension of A to the first neigh-

borhood ring of A (a quadratic transform of A) is found to preserve ßA (Lemma

4, §3).

This is used to prove the theorem of §4, that there are positive integers

nx.ns and discrete rank one valuations Uj, . . . , vs of A centered at m

such that for every regular element /of A

HaV) = "Mf) + ■ • ' + nsvs(f).
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The valuations ux.t; arise from (dimension one) normalization of the first

neighborhood ring of A, and each n¡ is the product of the length of a primary

component of (0) in A of dimension d, the multiplicity of a d-dimensional com-

ponent of the tangent cone of A at the origin, the index of a normalization and

another factor arising from a nonfinite normalization of an entire local ring of

dimension one.

Let p be a prime ideal of the noetherian ring A. The depth of p will

denote throughout the Krull dimension of Alp.

1. Elementary properties of pA. For an A -module M let lA(M) denote

the length of M as an A -module. If p is a prime ideal of A and if U is an ideal

of A let \p(U) = lAp(AplApK).

Proposition 1. Let fand g be two elements of a local ring A, and

assume either that f is a regular element of A or that PA(f) = °°.   Then

M¿(/¿?) = ßAif) + ¿^GO-

PROOF.  If pA(f) = °°, then /and fg are contained in a prime ideal of

A of depth d, and pA(fg) = °°.

Let /be a regular element of A and assume that pA(g) is finite. By

[6, p. V-3], for any h G A suchthat pA(h) is finite,

^(A) = Z \(Ah) eJAp)
p

where the sum ranges over all prime ideals p of A of depth d - 1 = dim A - 1,

0 -+ AflAfg -* A/Afg -* A\Af -* 0

is exact, Af/Afg - A/Ag as .4-modules, Xp(Afg) = \p(Af) + \p(Ag), and the

proposition follows.

Remark.   Let A = k[x, y] ix y) = k[X, Y] (xy)/(^2, XY). By direct

computation pA(y) = 3 and PA(y2) = 5. Thus pA(fg) need not be PA(f) +

V-A (s) if neither / nor g is regular and if both pA (f) and ju^ (¿) are finite.

Proposition 2.   Let A be an entire local ring and suppose the order

function vA of A is a valuation.   Then

»A=em(.A)VA-

Proof.   G„,j4 is entire, and if /is a nonzero element of A, /is super-

ficial of degree vA(f). Thus [7, Lemma 4, p. 286], pA(f) = em(A\Af) =

«»(¿) * va(Í).

Corollary . If A is a regular local ring then pA is the order valuation.
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Remark.   Let A be an entire local ring of dimension one and suppose the

order function vA of A is a valuation. Then G^A is an entire graded ring over

k = A/m of dimension one which must be the polynomial ring in one variable

over k, dimfc m\m2 = 1, A is therefore a regular local ring, and ßA = vA.

The following proposition gives a geometric definition of ßA. The local

ring A is said to be affine if it is the homomorphic image of a localization of a

polynomial ring over a field.

Proposition 3. Let A be an entire affine local ring which has an infinite

residue field k = A/m.  Then A is the homomorphic image of an affine regular

local ring B.  Let p be the kernel of this homomorphism of B onto A, which is

local, and notice that B is equicharacteristic with residue field k. Let d be the

dimension of A.  Then for every regular element f of A,

ßA(f) -    min        {i(Z(B¡p) • Z(B/Bf1) ' ' ' Z(B¡Bfd_x) • Z(B/Bf), m)}
fi.-.fd-i

where the minimum is taken over all fx.fd_x £ A for which the inter-

section is proper. For the definition and notation of the right-hand side of the

equation see [1] and [6, §V-C].

Remark. By applying Lemma 2, §2 to ßA(f) = e^ t*é_lM)> by

the additivity of Z(B/p) and the linearity of /(•, m), the hypothesis that A be

entire may be dropped from Proposition 3.

Remark.   This proposition does not necessarily hold if the residue field

is finite.  For let k be the field of p" elements, and let A = k[Xv X2]
(Jfj,JC2)

Letting ß denote the formula of the right-hand side of the equality of the

proposition, ß'(X2(Uaek(X1 - aX2))) = pn + 2, whereas

*u(*2(iW*i - «*a))) = P" + 1-
Proof of Proposition 3.

^f)=eUi.fd_0(AlAf)

for some/,./¿.jEmp, Theorem 22, p. 294]

¡V"''d-\

where (fv ... ,fd^) is an open ideal of A/Af [7, Lemma 2, p. 285]. The

elements/j,... ,fd„x have representatives in B and in A, and consider

f\, • • • , /d_! to be in either B, A or A/Af.

Let M be the maximal ideal of B, let B be the Af-adic completion of B,

and let p = Bp. Â= B/p. B =* k[[X¡,. .. , X„] ) for some n. Let

(fx.fd-i) be an open ideal of A/Af.
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e(/i.fd^iAIAf) = e(fi.fd-vn(A)

([4,p.300] foi((0):AAf) = (0))

= e(fl.fd_vfièlïï

= e(/i®i.fd-i®i,f®i)

((B ®k Blp)l(Xl ® 1-1 ® Xv . . . , Xn ® 1 -1 ® Xn))

= e(Xl<8> 1 -1 ® *,..... X„ ® 1 -1 ®xn, /, ® 1..... fd_ i ® i ,m iB ®k Blp)

[4, p. 300], for Xt ® 1 - 1  ®Xy, . . . ,Xn®\-\ ®Xn'\sz prime sequence

in B ®k BIß as will be shown below.  As will also be shown below,/j ® 1,

• • • , /d_i ® 1» / ® 1 is a prime sequence in B ®k Bip. The above equality may

now be continued.

= ^„-„x,.VM^W, • • • ,/a-i./) ®* BIß)    [4.P.300]

= X(Bl(fl,...,fd-i>f)<Blp)    [6.P-V-12]

= /(Z(5/p) • Z(W,) • ' • Z(BlBfd_l) ■ Z(BlBf), m)    [6, p. V-20].

It must be shown that Xt ® 1 - 1 ®Xlt .. . , Xn ® 1 - 1 ® Xn is a

prime sequence in

¿®*i~(-•-«i[[jrj]) [[jy])• • 0[[*Jj-
By induction, it follows from the fact that X¡ - a is a regular element of

R [ [Xx ] ] for any a G R where R is a noetherian ring.

It must also be shown that /®l,/i®l,..., fd^x ® 1 is a prime

sequence in 5 ®fc ,4. (f, fx,... , fd_f) has height d in B, so//j,.. . , fd_x

is a prime sequence in B. Let Ä and S be two rings containing as a subring the

field k, and let a be a regular element of R.   0 —> R —9L-* ̂  is exact where
ma®kS

ma denotes multiplication by a. S is ¿-flat, 0—+ R ^ S-► R ®k S is

exact, and a ® 1 is a regular element of R ®fc S. It follows immediately that

/ ® 1,/j ® 1, . . . ,/d_! ® 1 is a prime sequence of B ®k A.   If R is a Zariski

ring and if R is the completion of R, then /j, . . . , fd is a prime sequence in

R if and only if fx, . . . , fd is a prime sequence in R [7, Chapter VIII, §5]. A

and B are affine over A:, so B ®k Ais noetherian, and B ®fc A is a Zariski ring with

completion 2? ®fc A. Thus/ ® 1,/j 0 1, . . . ,fd-\ ® 1 is a prime sequence in

B ®\A.

2. The behavior of pA under reduction of A and integral extension of A.

Let A be a nonimbedded local ring (the associated prime ideals of (0) in A are all
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minimal).  Let I A be the integral closure of A contained in QA, the total quotient

ring of A. The minimal (height zero) prime ideals of A, IA and QA are in a

bijective correspondence. Let N be a minimal prime ideal of A. Then \N(0) =

\ia)n(°) - \qa)n(°)> and ¡(AM " IA¡IN where IN = VW- IA "^'i ©
• • • © /l), where /(4j) = .4J and .4J has a unique minimal prime ideal N'¡.

A\®-' ®A\_X ®N'i®A'i+i®'-- <BA'n = IN¡

for i = 1, .. . , n are the minimal prime ideals of IA.  Thus a maximal ideal of

IA contains a unique minimal prime ideal.

Lemma 1. Let A be a dimension one nonimbedded local ring with maxi-

mal ideal m. Let IA be the integral closure of A in its total quotient ring QA.

There are only a finite number of prime ideals mx,. . . ,msofIA lying over

m, and the indices [IA/m¡: A/m] are finite for i = 1, . . . , s. Let A¡ = (IA)m..

If fis an element of A,

lA(A/Af) =    £    n,\N.(0) [IAIm,: A/m] lA (AJAJ)
i=l.i ' '

the «,- being positive integers depending only upon A/N where N is the nil radical

of A.

If IA/IN is a noetherian ,4-module, then «,- = 1 for i = 1, . . . , s. The

«,- may be greater than one, for in Nagata's example [3, E 3.2, p. 206], s = 1

and Mj = p.

Proof. It may be assumed that / is a regular element of A, for otherwise

both sides of the equality are infinite. Let B be a finite A -submodule of IA, and

let aE A be regular and such that aB CA.

lA(B/Bf) = lA(Ba/Baf) = lA(A/Aaf) - lA(A/Ba) - lA(Baf/Aaf)

= lA(A/Af) + lA(A/Aa) - lA(A/Ba) - lA(Ba/Aa)

= lA(MAf).

By [3, Theorem 21.2, p. 70], or by the first part of the proof of [7, Theorem

24, p. 297],

lA(A/Af) =     I      [B/Pi : A/m] lB(BpjBpJ)
i=l,...,sB '       '

where plt . . . , ps   are the prime ideals of B lying over m. There are a finite
B

number of prime ideals in IA lying over m, for sB < lA(A/Af). Let mx,...,

ms be the maximal ideals of IA. Note that

/¿(dir limtxVt) < maxt {fAÇHt)},

IA/m¡ = dir limB B/B O m¡ and \IA/m{. A/m] is finite.
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Let a¡ GIA be such that a¡ G m¡ and a¡ £ (J-^m.-.  Let ßx, . . . , ßt GIA

be such that

[A [ßt,. .., ßt] l(mt C\A\ßx,...,ßt]): A/m] = [IA/m¡ : Alm]

for i = 1, . . . , s. Let A' = A [ax, . .., as, ßl, .... ßf\. By the formula above,

letting A be A'A>nm , it can be assumed that s = 1 and [IA¡mi :A/m] = 1. Then

for a finite extension B C IA oí A, lA(A/Af) = lB(B¡Bf). The nil radical W of

A is now a prime ideal.

First assume that I(A/N) is a noetherian A/N-module. By a finite extension

of A in IA it can be assumed that A/N is normal, and thus that A/N is a regular

local ring of dimension one [3, Theorem 33.2, p. 115 and Theorem 21.4, p. 40].

Let x G m/N generate m/N in A/N. Let

(0) - N0 c Nt c • • • C N,_, =7\Mj, c AL -4,

be a composition series of AN over /l^, and let n¡ — A n W,-.  *t,/Wf_i is a

principal .4/Af-module:  If o¡j, .. . , aq G rç/ft,-! are nonzero and generate

nJni-i as an /I or A/N-module, there are v, v¡ G A ~ N such that u-oty = iwij

for; = 1,..., ? (for there is a bijective correspondence between the ideals of

AN and their contractions in A). Viewed as /4/JV-modules, a- = ujx 'ax where

Uj is a unit in A/N and where r;- is an integer. Let tk = minffj, . . . ,tq}.

nJni-1 = Aak- So there are ax, ..., at G N with n¡ = (ax.a¡). For

i= 1,. . . ,t,

Hi+Af a A

yy.i+Af     ry.i+Af     n¡ + Af
-»0

is exact. Map A -* (n¡ + 4/)/(»V, + Af) by y h* ya¡ + (f, ax,.. . , a^f).

Suppose ya¡ G (f, ax, . . . , a¡_x). There are c, Cj,. .., c,.! G A such that

cf=cla1 + • • • + cf-1af-i -ya¡ . y fc N and n; is JV-primary because it is the

contraction of an A ̂ -primary ideal, so c G (aj,. . . , a¡). Thus there is an

element b oí A such that ya¡ - ba/G (ax, . . . , a(_x). a¡ £(ax, . . . ,af_j)

which isN-primary, soy -bfGN. Hence

(n, + 40/(w,-i + 4/) - ¿/(W + Af),

and

/¿&4/40 = Xjv(0) lAIN(4KN + Af)) = a„(0) lIAIIN(IA/IA • /).

Now drop the assumption that I(A/N) is a finite ,4/A/-module. Let ^4 be

the m-adic completion of A. lA(A/Af) = 1¿(A/Af). The pair A, m is a Zariski

ring, so (-4/ZV)" - A/N, A and TV are unmixed [7, Chapter VIII, §4]. Letting

Mj be a minimal prime ideal of Â, I(A/Mf) is a finite A/M.-module [3, Theorem

32.1, p. 112]. By the finite case above
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lA(Â/Âf) = £ XM.(0) 1A¡MÍ(AIM¿1(A/M¡)f).

A EAN C AM. canonically.  Let

(0) = N0 C Nj C • • • C Ht_x =ANNCUt=AN

be a composition series of AN. W,- ®¿ ÂM. can be refined into a composition

series for AM.. Now W,/M,_i * AN/ANN, this completion and localization are

exact, so Nf/M,-^ ®¿  -4^ are all isomorphic for i = 1,.. . , r of length

and XM.(0) = \N(0yKMjiN(0)- Thus

/¿(¿/i/) = \NWAlü((AIÑ)¡(A/Ñ)f),

and it follows that

I(A/N) =* IA¡IN, and IA/IN is a regular local ring of dimension one [3,

Theorem 33.2, p. 115 and Theorem 12.4, p. 40]. Let jc be a generator of the

maximal ideal mx of I A and let « be a unit in I A such that for some integer n,

f— ux". By a finite extension of A it may be assumed that u and x are elements

of A. To finish the proof, notice that lIA(IA/(IA)x) = 1 and IN C (IA)x so that

lAIN((A,N),(A/N)f) ,,AjmAIN)x)
lIA(IAl(IA)f) IainWWIWW-

Let"! =lA,N((A/N)I(AlN)x).

Lemma 2. Let A be a local ring with maximal ideal m, let Nx,. ..,Nn

be the prime ideals of A of depth d = dim A. For every regular element f of A

fxA(f)=  £   ajv/o)mW/+a'i).
i=X.n      ' '

Proof. If dim A = 0, the formula holds trivially. Let p be a prime

ideal of A of depth d - 1 and containing /. Then B = Ap is of dimension one

and is nonimbedded, for /is a regular element. Note that if N¡ C p, then

ayv-(0) = Ax?jV".(0). By Lemma 1, applied to B and to B¡BN¡ for A^ C p,

lB(B/Bf)=   £   \N(0)lB,BNí(BWt)l(Bim¡)f),
NtcP     '

and by [6, p. V-3],
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PA(f) = Z lp(A/Af) em(A/p)
p

= £    Z  ^N^lp^üAlN^KA/N^fy^Alp)
P     N¡Cp        ' '

=       Z       *Nf°)»A,N{f+"i)-
i=l.n       ' '

Lemma 3. Let A be a dimension one local ring with maximal ideal m, let

mx,. . . ,msbe the prime ideals of I A lying over m, and let A¡ = IAm.  For

every regular element f of A,

HA(f)=    Z    \N.(0)ni[IA/mi:A/m]pA(f)
1=1,...,s     '

for some positive integers nx,. . . ,ns where N¡ is the minimal prime ideal ofAr

This is a restatement of Lemma 1. (If A is imbedded, the only regular ele-

ments of A are the units, and the formula holds trivially.)

Remark. Lemma 3 does not necessarily hold if the dimension of A is

greater than one.   Let

A = k[w, x, y, z] {wxyt) = k[W, X, Y, Z] {w¡x>YiZ)l(X2 - Z3, XY - W3)

where A: is a field. By direct computation pA(x) = 9 and PA(y) = 6.

A * k[ts, t3, s3, f2]^^^ C k[s, t],Sit)

where s and t are independent transcendentals over k, and IA — k[s, t] ,lty

Thus pIA(x) = pIA(y) = 3. By the Corollary of Proposition 2, pIA = v where

v is the order valuation of k[s, r](Jf) having valuation ring k(s/t)[t]^ty pA =

v + w where w is the valuation having valuation ring k(t/s2)[s] ,gy (See §4.)

3. The first neighborhood ring of A : a quadratic transform of A which is

compatible with ju¿. Let G^A be the associated graded ring of A with respect to

m. Let m = (xt,.. . ,xn). The natural homomorphisms

A[Xlt ...,Xn] ~+k[Xx, ..., XH] -► G^

(where k = A/m) will be used. Let A [X] denote A[Xx,.. ., Xn], and let

k[X\ denote k[Xx,... , Xn]. /will denote the ideal (AT,.Xn) of A [X],

¿m.andG^.
A familiarity with Northcott's The neighborhoods of a local ring [5] is

assumed.  For the definition of the first neighborhood ring SP. of A, see [5,

p. 361]. Let |3j,. . . , ty. be the height one prime ideals of Sfi lying over m, and

let fi be the prime ideal of GmA corresponding to p¡ [5, Propositions 1-4].

The preimage of p( in k [X] will also be denoted by p¡. For the definition of a

superficial element of A see [5, p. 362], [3, p. 72 and Theorem 30.1, p. 103],

or [7, p. 285].
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Lemma 4. Let A be an entire local ring with maximal ideal m and an

infinite residue field k. Let 31 be the first neighborhood ring of A, let )pi, . . . ,

£r be the height one prime ideals of K lying over m, let ft,- = ÍR^., and let p¡

be the prime ideal of G^A corresponding top^  Then

M/) = e^A/p^f) + • • • 4- e,(GmAlp^r(f)

for all fE A.

Proof. The equality is easily shown to hold for a superficial element of

A.   Let /£ A be superficial pf degree s. PA(f) = em(A/Af) = sem(A) [7,

Lemma 4, p. 286], and

*U(/) = s(eI(k[X]lp1)epi (»,/»!«) + • • • + eJtk[X\lpr)e9fnJ%rf)

[5, formula E, p. 370]. Let jc be a superficial element of A of degree one. f/xs

£ ft,-, K,-m = SRfX for i = 1,.. ., r, and

J^(/) = s(e/(*M/Pi)MSl(*) + • ' • + e/(fcM/p,)Mj,r(*))

=exw/Pi)MRl(/) + • • • + ̂ m/pr)/xRr(/).

77xe proof of the equality in general will occupy the rest of this section.

First let dim A > 2. The proof will proceed by fixing the element /£ A

and blowing up A to a one-dimensional ring B such that &1 = 3?i n • • • n Hr

is an integral extension of B and such that G^^BlBf) is nearly a linear section

of Gm(AlAf).

Let ü¿ be the order function of A with respect to m. Let jc be a super-

ficial element of A of degree one, let m = (xx, . . ., jc„) and let II be a form

of degree one in A[XX, . . . ,Xn] with jc = fI(Xj, . . . ,xn). II will also denote

its image modulo m in k[Xx, . . . , Xn]. Consider the diagram,

A[Xt.Xn]       p    > k[Xx.Xn]

|x I*
A    -►     Gm¿a m

where o(g) = (g + mVA^'+1)lmv^'+l, ty is the canonical homomorphism and

k = A¡m, x is the homomorphism with y^T,) = */ and xU ~ í&a > an(* pCO is

the leading form modulo m of F.  a(Af) is an ideal of G^A, but a need not be

a homomorphism.  Let 7>l/= \p~lo(Af), let uAf= x~l(Af) — (Xi -xlt.. .,

Xn - xn, /), and let o4/ denote o(4/).

p(cj4/) = TAf. First notice that if E E co4/and deg E = vA(xE) = s then

ylipE = t¡j(E + m[X] +1*+1) =E(xx,..., xn) + ms+i. Secondly notice that

</r'(0) = tAO C p(uAf). UEE uAf and if \¡/pE = 0 then pE E i/r1^) C
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p(uAf).  HEG u>Af and if \¡/pE ¥= 0 then deg E = vA(\E), \ppE = axE, and

pE G tAF. Hence p(o>Af) C rAf. Let e G Af.  Let E G wAfbe such that

deg E = vA(e) and x.£ = e. Then ae = iipE, pE G i//_1(oe), and t,4/C p(uAf).

Let pbe an isolated prime ideal of 7v40. Then depth p — dim A - height p

>2 and depth(p,II)> 1.

Choose 9 to be a form of degree one in A [X] = A [Xx, . . . , Xn] such

that y = Q(x¡) is a superficial element of A and a superficial element of AjAf,

such that 0 is contained in no isolated prime ideal of (p, II) for any isolated prime

ideal pof 7v40, and such that v is contained in no associated prime ideal of

Ax other than possibly m. Each condition is viewed as a condition on form ideals

in k[X]. Let 0 also denote its image modulo m in k[X].

Let u = ylx. Let P be the kernel of the canonical homomorphism of A [U]

onto A [u] where A [U] is the polynomial ring in one variable and U maps to u.

PC\A = (0), and it follows that P is of height one in A[U\. Letting VA denote

the set of prime ideals of A which occur as an imbedded prime ideal of a proper

principal ideal of A (see [2, §6] ), Q G VA ¡ j/j if and only if Q O A G VA and

Q - (Q n A) • A [U]. y - xU is prime in A [U] if and only if x, y form a prime

sequence in A, but this is the case if and only if m fc VA • If m £ VA then P =

(y - xU), and P C m [U]. \imGVA then P and m [U] are the associated prime

ideals of (y - xU). For if Q is an associated prime ideal of (y - xU) of height

greater than one then x, y G Q n A and Q = m [U]. If g is of height one, either

Q n A = q # (0), in which case Q = q[U] and x, y G q which contradicts the

choice of v, or Q n A = (0) in which case Q = (QA)[U] •(y-xU) = P. It

again follows that P C m [U]. So A[u]/m[u] =■< fc[i/], and « = u + m • A[u]

is transcendental over k.

Let S = A [u] ~ mA [u] and let B = S^A [u]. B/mB «* k(ÏÏ) a simple

transcendental extension of k. Dim A [U] = dim A + 1, the kernel P of the

homomorphism A [U] —»■ A [u] is height one, m[U] is of height equal to dim A,

and dim B = dim A - I. Consider GmBB and the commutative diagram

A[Xx,...,Xn] i-► B[Xx,...,Xn]

\P ¡P

k[Xlt ...,Xn] i-y k(à) [Xx, ...,Xn)

GmA-►     GmBB

where </> is the canonical homomorphism induced by the inclusion A C B. Define

a, t and w for B as was done for A. Notice that wAf C uBf, so 7v4/ C rBf. 0

-ull£ w5/. Let q be an associated prime ideal of rAf which is not / = (Xt,

..., Xn). If 0 - ù~ïl G fc(ü) • q, then 0 - ¿TI G k[û] • q and 0 G q, which is
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a contradiction to the superficiality of y. Therefore @ - uTl fc k(u)q, and 0 -

u II is superficial as an element of k(u~) [X] /k(U) • rAf.

Now ßA(f) = ejk[X\lTAf) and ßB(f) = e,(k(j¡)[X] ¡rBf). These modules

are homogeneous and their lengths over k[X] or &(m)[AT] are their dimensions

over k or k(u~). ThusßA(f) = e¡(k(ü~) [X]/k(ü) ■ rAf). By Lemmas 3 and 4 of [7,

pp. 285-286], if dim A> 2,

ej(k(u)[X] ¡k(u~) ■ rAf) = e¡(k$)[X] ¡(rAf, 0 - ¿TI)),

and if dim A = 2,

e¿kG)[X]/k(u) • rAf) = eß(ü)[X\j(TAf, 0 - un))

- Wm*^ + ((/n» tA^: 0 - "n)/(/c- Mfl)

for all large enough n and c with n> c. Because 0 - «fi is contained in no

associated prime ideal of k(u) ■ rAf other than possibly /, the homogeneous

parts of like degree of k(u) • T/l/and of (k(û) • rAf: 0 - üfl) are equal for

sufficiently large degree. So for large enough n and c, over k(u~)

(Ie + ((/", rAf): 0 - u~U)l(Ic, tAJ)) * (k(u) • rAf: 0 - « II)/*(«) ■ rAf,

and for dim A = 2,

e¡(k(u)[X]lk(ü) • rAf) = e¿k<u)[X]l(rAf, 9-Uîl))

- aimk(¡¡)(k(U) ■ rAf: 0 - ûTl)lk(û) ■ rAf.

Let

a = dimkiü)Tßfl(TAf, 0 - «n)

and

ß - dimk(ff)(*(M) • rAf: 0 - ü U )lk(U) ■ rAf.

It is to be shown that a = ß. Then a is finite, for ß is finite by the superficiality

of 0 - ÛTI, and it follows that if dim A > 2, ßA (f) = ßB(f). If dim A = 2 it

follows from a = ß that ßA (f) = ßB(f).

If SI is a set of polynomials in Xx,..., XH, let U^y be the set of all

elements of ?l which have no nonzero homogeneous component of degree strictly

less than d, and let Ud be the set of all homogeneous elements of 21 of degree d.

Let S = A [U] ~ m[U], and let A(U) denote S~lA[U]. Let t(P, f) =

p(P, uA(U)f) and r(0 -UT\,f) = p(@ - UTl, coA(U)f). Consider

A(U)[X]-► k(U)[X]

B[X]-> k(u)[X]
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where p(á) is the leading form in Xx, . . . , Xn of a modulo mA(U) [X] or

mB[X], where \¡j(U) — u andi//| A jx^ = id^ [x^, and where \¡j(U) = u and

tf'ljfc [x] = lák[x] • Because P C (P, uA(U)f),

1Pt(P, f) = pW uA(U)f) = rBf.

Note that \p : k(U) [X] —► k(u ) [X] is an isomorphism over the isomorphism

k(U) <* k(u~) induced by ï>. Let

7 = dimk{uf(P, /)/r(0 - UU, f) = dimk {U)rBf/ii\(Q - UU, /).

Then

dimHuf(f, 0- Un)/(TAf, @-UU) = a-y.

Let fi be p((Wi4(f/)/)": ¿(t/)!!*] ] ® ~ ^) where " denotes the 7-adic

completion. Let Q be an associated prime ideal of cjA(U)f. (Xx -xx,. ..,

xn -xn) c Ô. so Q C (mA(U), I). A(U)[X](mA(u)J) with the /-adic topology

is a Zariski ring with completion /4(i/)[[X] ]. Hence

((a>A(u)fy:MU)l[x]]@-un) = (ü>A(u)f:A(u)lx]e-uny

[7, Corollary 4, p. 266], and H = p(o>A(U)f: 0 - UU). So #fi C (fc(ü) • M/:

0-Í/1T).  Let

S = dimfe(£/)f//Ä:(C/) • TAf.

Then

dimk(lo(*(tO ■ rAf: ®-UYl)/H = ß-o.

It is to be first shown that a - y = ß - S.

Let M G A(U)[Xx, . . . , Xn] be homogeneous of degree d such that M +

niA(U)[X] G t(0 - í/n, /). The following four assertions follow easily from the

fact that xt - X¡ G uA(U)f. There is an integer h < d ~ 1 and forms H¡ G

.d(í/)[Ar] of degree i = h,. . . ,d - I such that

(0-«yn)(//„ +-'-+Hd_l) + MGuA(U)f + A(U)[X]id+1y

If M - M G mA(U)[X]d, then

(© - unXHh + • • • + //d_,) +W e uA(U)f+A(U)[X\id+iy

UHn -lfhG mA(U)[X]n, there are forms H¡GA(U)[X] for / = h + 1,...,

d - 1 such that

(0- C/n)(//; + • • •+H'd_1)+MGuA(U)f+A(U)[X]id+iy

liFGA(U)[X]d and if F+ mA(U)[X] G k[X] ■ TAf, then
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(0 - UTIWh + ' * * + Hd-i) + (M + F)E uA(U)[X] + A(U)[X](d+i).

Note that Hn + mA(U)[X] E (k(U) -rAf:®- IM). Let h(M) < deg M be the

maximal degree of all such Hn as above. Let H(M) be the set of all such Hn as

above with h = h(M). M + mA(U)[X] E (rAf, 0 - i/n) if and only if h(M) =

deg M - 1 which is true if and only if i{n(M\ C H(M) (which in this case is

A(U) [X] h (M)).  If b E A(U) ~ mA(U), bH(M) = H(bM). If HE H(M) then

(H+mA(U)[X]HM)) + HKM)CH(M)lmA(U)[X]HMy

and H(M) will be considered as a subset of (k(U) • rAf: 0 - £/TI)//i.

A k(U)-lmenT injection of r(f, 0 - Uñ)/(TAf, 0 - (Vn) into

(k(U) ■ rAf: 0 - UU)IH is to be defined. Let Mx, . .. , Ma E A(U)[X\ be

forms such that their residues modulo mA(U)[X] are in r(f, 0 - Uñ), such that

their residues in r(f, 0 - UT[)l(rAf, 0 - UTT) are linearly independent over k(U),

such that h(M¡) < h(Mi+1) and such that if h(M¡) = h(Mi+1) then degM¡ >

deg Mi+ j. Choose r¡i E H(M¡). Suppose 17,-, . . . , T?f_j are linearly independent

over k(U), and suppose Vt = aiV\ + • • • + otfi_1T7fw_1 where a,- E,4(i/). The

0:,. are nonzero only for those M¡ with h(M¡) = h(Mt). h(Mt) = h(Mt^t), for

r¡t ¥=0. Let Ms, . . . , Mt_x be exactly those M¡ with 1 < t, h(M¡) = h(Mt) and

deg Mt = deg Mt. Then h(Mt - aJMs - ■ • ■ - at_1Mt_1)> h(Mt), so replace

Mt by Mt - a¿Ms-o^jM^j, choose a new rjt, and reorder Mt, ...,Ma. With

a finite number of repetitions of the above process r?j,..., T?, will be linearly

independent, for at worst h(Mt) will eventually be greater than h(Mt_x), and

linear independence will follow. Thus a < ß - S, and a - y < ß - S.

A construction analogous to the above is used to derive the opposite in-

equality. Let H E A(U)[X]d with H + mA(U)[X] E (k(U) • rAf: 0 - CTC).

Let m(H) be the maximal integer m such that there exists a form M of degree

m and forms H¡ of degree i = d + 1,. . . ,m- 1 such that

(Q-UTIXH + Hd+1 +---+Hm_l) + MEuA(U)f+A(U)[X](m + 1)

and M + mA (U) [X] $ (rAf, 0 - «n). If such a maximum does not exist then

H + mA(U)[X] £ H, and if H + mA(U)[X] £ H, then m(H) > deg H + 1. Let

M(/0 be the set of all such M of degree m(H). M(bH) = bM(H) for b EA(U) ~

mA(U). \fMEM(H)t\ienM + mA(U)\X]CM(H),

M + mA(U)[X]mW + (rAf, 0 - UTl)m(H) C M(H)lmA(U)[X]m{H)

and M + mA(U)[X]m(H) E T(f, 0 - UÏÏ). M(H) will be considered as a subset

of lij, © - UK)l(TAf, 0 - tfll).

Let xYj, . . . , //p.g be forms in mA(U)[X] such that their residues modulo

mA(U)[X] are in (k(U) • rAf: 0 - i/n), such that their residues form a k(U)-

basis for (k(U) -rAf:  0 - t/Ti)/H, m(xY,.) < m(xV,-+ J and such that if m(H() =
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m(Hi+l ) then deg H¡ > deg Ht+ j.  Choose p¡ G M(H¡). Suppose jux,. . . , juf_j

are linearly independent over k(U) and juf = â^ + • • • + af_jjuf_j where

a( G A(U). a¡ is nonzero only if m(Ht) = m(Hf), m(Ht_f) = m(Hf) for pt ï 0,

and let Hs, . .. , Ht_x be those Hi with i < t, m(H¡) = m(Ht) and deg H¡ =

deg Ht. Then m(Ht - aß,-<*t-iHt-i) > m(Ht)- Replace Ht by Ht -

afls - • • • - at_xHt_x, choose juf anew, reorder Hx, . . ., Hß_6, with a finite

number of repetitions the injection is defined, and a - y > ß - 8.

Thus a-y = ß -8.  The final goal in the proof ofa = ß is to show that

y and 8 are equal.

Let a C B be two ideals of A(U). As either k(U) or A(U)-modules, t$/tU

* 0%/oV. Now

os/o^ze(m"ns+w"+1/mn+1)
„>o     (mnnU + mn+i/mn + 1)

m ^(«"nBt^1), ^ Q rnn n S

n>o    (mnnu + mn + 1)     n>o    (m"n! + m"+lnB)

(for (mn n B) H (wjn n a + mn+l) = mn nu+mn+l n 8). Hence,

ikMT^im = iAiu)m.
So

and

y = iMu)(P'f)l<y-xv>f)>

&=lMu)(A(U)f:y-xU)/A(U)f.

Let <// G 04(l/y : v - jcCO- (MOC ~ *t0 € i4(£/), /(^//Xy - xU) G P,
f $ P, so M /f)(y-xU) G P. Let ̂ (M^W/fXy-xU). If tj, G A(U)f then

gjCvV) GE >!(£/)(> - jet/). Hence

%x ■■ (A(U)f: y - xU)/A( U)f-+ (P, /)/( v - xU, f)

is a homomorphism. Let \p G Ker %x, that is, let (4>lf)(y - *[/) = af+ b(y -xU)

for some a and è in A(U). Then (t// - bf)(y -xU) = af2, and i// G ((A(U)f2:

y - xU), /). If 0 G (A(U)f 2 : y - xU), then <¡>(y-xU) = af2 for some a G

A(U), Si(«) = («//Xv -*C0 - tf> and 0 G Ker $,. So

Ker £t = 04(i/)/2: y - xU), f)/A(U)f.

Now,

04(i/)/' : y-xUMAiU)/' :y-xU)n A(U)f

~((A(U)fl:y-xU),f)/A(U)f,

and a homomorphism
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%t : (A(U)f' : y - xU)l(A (U)fl :y-xU)nA( U)f

-►<••• (ÍÍ.P. f)l(y -xu. /))/Im ItV • • • )/Im h-t
with

Ker S, = ((A(U)f'-1 : y -xU),f)/A(U)f

is to be defined inductively.

If 4/ £ (A(U)fl: y - xU), let %0) = (-////%> -xU)EP.   If tfr E

(i4(C0/': v -xt/) n X(üy, then tf///E (^(LO/'"1: v -x(7), ̂ OJ»//) =

(W/ÓO -*ü) - WW, and £,#) £ Im *,_,. Let * E Ker *,. Then

(*//')( V-JC(7) = fl/+¿0'-:c¿O

+WilfXy-xU) + ■-■ + Wi_Jfl-1)(y. -xU)

where \jjjE(A(U)ff : y -xU) for/ = 1, . .. , i - 1, and

W-bf'-f'-^t-/*,_,)( V-JC(7) = a/i+1,

so Ker £,. C ((A(U)fi+1: y - xU),f)/A(U)f. If <t>E(A(U)fi+i:y-xU) then

£,(0) = (0//'X> - xLO E ̂ (i/y, and <p E Ker ?,. Thus

Ker %t = ((¿(t7y/+1 : y - xU), f)lA(U)f-

fVW = (0), so Of(4(l0i'l+1: y~xU) = (0), and by [3, Theorem 30.1,
p. 103], n,-Ker %¡ C f\ (A(U)f+mk) = A(U)f. Or by [5, Theorem 1, p.
365], because y - xU is superficial of degree 1, (mi+ 1A(U): y - xU) = m'

for all sufficiently large /, so fl, Ker ?,- C f), 04(C/)/ + ml) = A(U)f. If 0 £ P
there is an integer s such that /*0 £ 4(#)(y - *£/), for there is an integer s

such that Pnms= A(U)(y -xU)n ms. Then $s(f<t>l(y - xV)) = 0.

Let

^ = (04(í/)/':v-jc £/),/),

and let

8, « (W//IXV - xUW £ C4(£0r* : v - xU)}, /).

Then fl,»,- = ¿(Wand Ut = ¿(cO/for some r > 1, for (A(U)f: y-xU)IA(U)f
is of finite length. Hence

«0 = W)/: V -xU) D ^ D • • • D ÎI, = A(U)f,

and

(y -**>; /) = B0 c Bj c • • • c 8,=0»/)

where af/St/+1 °" B/+1/Bf as,4((7)-modules. Thus 7 = 5.

77ie flèove construction is inductive to dimension one. LstBd=A and



336 JAMES HORNELL

Bd_1 = B where d is again the dimension of A, let ©d_i = 0, yd-\ =y, wd_i =

u and Ld_x = 0 - UU. U and x = U(x¡) remain fixed throughout the induction.

Suppose Bj+ j has been defined with the required properties. Let 0- be a form of

degree one in A [X] such that^. = @g(xt) is a superficial element of Bj+ j and of

Bj+1 ¡Bj+ if, 0y is not contained in any associated prime ideal of (p¡, Ld_1,

..., LJ+j ) other than possibly / nor contained in any isolated prime ideal of

(p¡, Ld_1,..., LJ+ j, u) for any isolated prime ideal p¡ of tAQ, and such that

y¡ is contained in no associated prime ideal of B+ xx except possibly mB+1.

The above arguments hold when A is replaced by B¡+1 and B is replaced by B- —

S~lß/+11"/! where "/ "7/* and s = Bi+ , [uf] ~ mBj+ j [uj].

Let B = Bv B is one dimensional, B is local with maximal ideal mB, and

PA(f) = ßB(f)-
Let K1 be T~ltR where T = & ~ (fy U • • • U jar) and where fy, . . . , )pr

axe the height one prime ideals of 5R. For every i = 1,. . . , r,

Hi1 to,. r\A[ud_it. . . , «J = w[«d_i."J-

For let z G A [«d_i.Uf\ n -R1^ where |j denotes one of the ^f. Then

z GA[ud_1, . . . , «j] n )3.  Let p be the prime ideal corresponding to p which

is associated to tAO, and let F(@d_1, . . . , 0X, II) be a form in 0d_j, . . . , 0X

and n with coefficients in A such that

F(ßd-i(Xtlx),..., e&t/x), U(X¡/x)) = z.

A [ud_1, . . . , «j ] C 3?, so z G )f¡ and by the correspondence between p and p,

F(Qd_1, . . . , 0j, IT) + m[X] G p.   Suppose F modulo m, F, is nonzero. If F

were a power of II, then IIG p which is a contradiction. So there is an integer; such

thatd-l>/>l,F€*[6d_1,...,0/,n] andF^©^,... ,0/+1, n].

Then

F = GUe mod (ed_i - n,. . . , 0/+1 - n) C (p, Ld_v .... Lj+1, U)

for some form G G k[@-, U] which is not divisible by IL Letting s > 1 be the

degree of G, &j G (p, Ld_t, . . . , L¡+1, U) which is a contradiction to the

choice of 0y. Hence F = 0, and z Gm[ud_l, . . . ,u1].

B is a ring of fractions of A [ud-1, . . . , t/j ] with m [«d_i, . . . , « j ] C

mB n A [ud_1, . . ., u j ]. mB is a prime ideal of height one of B, so mB C\

A [ud_1, . . . , «J must be of height one also, and

mB C\A[ud_l, . . . ,iij =m[i/d_1, . . . ,«J.

It follows that

B = A[ud_1, . . . ,u1]m[Udi.Mjj,

and therefore B C ft1.
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ft1 = ftj n • • • n 3cr is a finite integral extension ofB=Bl. The proof

is an adaptation of the proof of Theorem 10 [5, p. 371]. Let px,. .. , pr

also denote the proper prime ideals ft1 £x, .... 3c1 ty. of St1, let m¡ be integers

such that p?1 • • • p™' C 3tV and let n. «ft» • • • $?'. Then m* C

(»1m)s and (St1™)1' C m* where f = max {m., .. . , mr}. Let 5 be the mB-

adic completion of Z?, and let 3i be the 3r m-adic completion of 3c. . 31 is a 2?-

module, 3} is the m-adic completion of 3c1, n„>0m" = (0), and by [7, Corol-

lary 2, p. 273], the mZ?-adic topology of B is induced by the m-adic topology

of 3c1. It is clear that Ül&m = 3c1 /3c1 m.

B[xjx, . .. ,xjx] is of dimension one [3, Theorem 33.2, p. 115], and

3c1 is a ring of quotients of B[xtlx,.. ., xjx]. p. D B[xjx,... ,x„/x] for

/ = 1,. . . , r are distinct proper prime ideals of 2?[xx/jc, . . . , xjx\. Let p be

a proper prime ideal of x?[jcx/jc, . .. , x„/jc] . x?[jcx/jc, ... , xjx] is a ring of

fractions of A [xjx, . .. , xjx], so p n A [jcx/x, . . . , *„/*] is a prime ideal of

height one, therefore there is a prime ideal p. of Sc1 such that p O

yl [xjx,. .. , *„/*] =pn^ [xj/x, . . ., xjx], and p O B[xjx, . .. , x„/x] =

p. From the above assertions it is immediate that 3c1 = Z?[jcx/x, .. . , x„/jc] .

Let 0// be the residue of jc,-/jc modulo p;-.  3c1/p;- = k(u x,.. ., «d_x)

[0/X.0jH] is a field, and t3;-,- are algebraic over k(u ) = k(u x, .. . , u d_x).

By multiplying together the m-th power of a polynomial which modulo p;- is the

algebraic relation of 0;7 over k(u) foi j = I, ... ,r, there is a relation

(Xilxf + a^Xi/x)'-1 + ■ • • + a0 £ Si'm

where a0, . . . , crf_x EB. Therefore 3?1/3i1/w is a finite BjmB module, and3t

is a finite B module [7, Corollary 2, p. 259]. So for every positive integer s

there is a relation

(Xilxf E [¿(je,-/*)'"1 + • • • + B(x¡lx) + B] n B

= B(xilx)t~1 +••-+ B(X¡lx) + B

for the latter module is finitely generated over the Zariski ring B and is therefore

closed.   3c1 is thus finite integral over B.

It is to be shown that [3cVps :B¡mB] = e¡(k[X]¡ps). From the choice of

0y- it follows that L¡ is a superficial element of

*("d_x, • • • , ûf)[X]l(pt ,Ld_lt ..., ¿/+x),

for Uj is transcendental over k(ud-i, . .. , u +1). The dimensions are greater

than one, so

ef(k[X]lps) = e¿k(u)[X]l(ps, Ld_v .... ¿x)),
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where k(u) now denotes k(ud_1, . . . , u j).  Let Mk(X) GA[X] for k = \,

... , t be forms of degree dk such that the residues of Mj(xf/jc), .. .,Mt(x¡/x)

modulo ps form a basis of SR1/^ over k(û~) = B/mB.   If G is a form in

A [X] of degree g > max {dj, . . . , dt}, then

G(esi)=   Z   <*k(ii(ßtlyf-''*Mk(ßli)
k = l,...,t

for some otj.of € k(u), for n(0J¿) = 1. Letting

0-*K — h®[Xf •>•»**] ^k(u)[6sl,...,dsn] -+0

be the exact where X¡ —> 0íf, ¿(iiJf.Y] /AT  is of dimension t over £(«) for

g > max {c?j, . . . , a"f}. K D (pi( ¿d_j, . . . , Lf) by the correspondence

between ps and pr  Let G G A .  There is a unit |3 in k(u ) such that pYJ G

*[« ] Wr and there are F¿ G fc[ü] [^ for / = 1.d - 1 such that

É = UcßG =       Z      (©y - íp)F¡ G fc[Z]g+c
/=1.d-l

where c is the degree of « in ßG.  Let F G A [X]g+C be a representative of E1.

E(xjx) G )ps, so E' G ps. Thus IICG G (ps, Ld_1,..., Lf). Inductively II is

contained in no minimal prime ideal of (ps, Ld_l,..., Lf).   For let P be such

a minimal prime ideal and suppose UGP. Then 0;- G P, and inductively by

dimension, P is a minimal prime ideal of (ps, Ld_l, . . . , L,+ j, II) which is a

contradiction to the choice of 0;-.  (ps, Ld, . . . , Lf) being of dimension one,

G is contained in every primary component of (ps, Ld, . . . ,Lf) except perhaps

the primary component belonging to /, Kg = (ps, Ld, . . . , Lf)g for all large

enough values of g, and by comparison of the Hubert polynomials, t =

ej(k[X]/ps).

Apply the first part of the proof of Lemma 1 to S1 over B = Bt, and

obtain

^(/) = Mß(/)=    Z    e&lXllpfam.
i=l.r

4. The valuation formula. Let A be a local ring with maximal ideal m.

For a definition of a valuation of A, finite on A and centered at a prime ideal

of A, see [2, §1]. By the additivity formula ju^OO = ^p~Kp(f)em(A/p) where

the sum ranges over all prime ideals p of A which are of depth equal to the

dimension of A. Assume that A is nonimbedded. Then the prime ideals p are

all of height one, but they do not necessarily include all the prime ideals of

height one. Then also \p(Af) is a finite sum of finite rank one discrete

valuations centered at p.

As an example, let A be an entire factorial ring of dimension greater than
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one. Let {uJie/ be the set of prime divisors of type one of A, and let pt be a

prime element of A with vt(p) =1. Let wx and w2 be two distinct prime

divisors of A centered at m, let at = wt(p¿) and bt = w2(p¡), and then wx =

2tfl,t>t and w2 = Stôtut. Let ct = min {at, bj. Then 2,4?^ > vvx, 2lclvl i=- wx,

and 2tctut is not a sum of valuations centered at m.

Theorem . Let Abe a local ring with maximal ideal m.  There are inte-

gral valued valuations vx,..., vt finite on A centered at m, and there are

positive integers «x,... , ns such that for every regular element f of A,

HA(f) = n1v1(f)+--- + nsvs(f).

If A is nonimbedded ifßA(f) = nlv1(f)+--- + nsvs(f) for all regular elements

f of A, if the valuations ux,..., vs are independent, and if the ideal generated

by each v¡(A) is all of the integers, then the valuations ux,. .. , vs and the

integers nx,. .. ,nsare unique.  (If A is of dimension zero, pA is the trivial

valuation: ßA(f) = °° iffE m and ßA(f) = 0 ///$ m.)

The proof of the formula is now straightforward.  By Lemma 2, A can be

assumed to be entire. It may also be assumed that the residue field of A is

infinite. In fact let A [x] be the polynomial ring in one variable over A, let S =

A [x] ~ mA [x], and let A(x) = S~lA [x], a local ring with maximal ideal m •

A(x) and residue field A(x)/mA(x) = k(x) a simple transcendental extension of

k = A/m.  Then ßA = ßA(x), for A(x)¡A(x)f =* (A/Af)(x) and letting B = A\Af

n>0 mn + lB(x)      n>0    m

* E J^TT7f ®*k(x) " (G-5) ®* m>
n>o m"+1 + Af

so the multiplicities of A/Af and of A(x)/A(x)f are equal. A valuation of

A(x) restricted to A remains a valuation. By Lemma 4, A can be assumed to

be one dimensional, by Lemma 3, A can be assumed to be normal, and apply

the Corollary of Proposition 2 to obtain the formula.

The proof of the unicity uses a slight generalization of the approximation

theorem. Define two valuations of A to be equivalent if there is an order iso-

morphism and the usual commutative diagram, and to be independent if they are

not equivalent.

Lemma. Let Q be a noetherian nonimbedded ring which is its own total

quotient ring. Let ux, . . . , vs be independent rank one valuations of Q, let

«x,. .. ,usEQ and let a¡ £ vfA) be finite for i = 1,... , s.   There is an

element uofQ such that v¡(u - «,) = a¡ for i = 1,... , s.
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Proof. Q = Qt © • • • © Qn where ß, is a local ring of dimension

zero, and let

H, = ßx 8 • • • ©0/_! ©51, ©ß,+ 1 ©• • • ©Ô„

where 51, is the nil radical of Ö,. Let ut,. .. , vt be all of the valuations

vlt... ,vs which have Nv¡ = Nt. Then Uj, ..., vt are naturally independent

valuations of Ô/Nj = £j. By the approximation theorem for a field [7,

Theorem 18, p. 45], there is an element u\ of Qt with vfjt\ - projj u¡) = a¡

for i = 1,..., t. Repeat this for each Nf, obtaining uj. G g, for 2 </ <B.

Let u = u\ © • ■ • © «J,, and the proof of lemma is complete.

A is assumed to be nonimbedded. Suppose n1v1 + • • • + nsvs > 0

where «j, ..., vs are independent nontrivial rank one valuations finite on A.

It is to be seen that n1>0,... , n^j > 0 and ns > 0. Let « = f/g G QA

where /and g are elements of A, such that for some /, v¡(ü) > 0 and u,(m) = 0

for / * /. Then i>,.(/) > u,^), v¡(f) = Vj(g) for / * i, nfaif) - v¡(g)) > 0 and
n¡ > 0.

Example. Let

A = C[x, y, z](Xiyi2) = C[Z, Y, Z\(XY<Z)/(XY-Z3)

which is normal, analytically irreducible and Cohen-Macaulay. By direct compu-

tation ju^(x) = pA(y) = 3,pA(x + y) = 2, and pA is not a valuation. In fact, pA =

vx + vy where C(y/z)[z]^ and C(x/z)[z]^zy are the valuation rings of vx and

uy respectively. Note that neither x not y are superficial elements of A.

Example.  Let

A = k[w, x, y, z] iWiXtVfZ) - k[s*, s3t, st3, i4]   4 ^ ^ .  C fc[s, i],

the polynomial ring in two variables over a field k. IA = &[s4, s3t, s2t2, st3, r4],

VA = {(s4, s3r, s/3, r4)} and >1 is not Cohen-Macaulay. A is the localization of

a projective (graded) ring, and by Proposition 2, §1, pA = em04)y^ where

Uj is the order valuation of A. By direct computation ju^C*) - 4, so em(A) =

4. Also 31= fc(s/f)[/4]   4  which verifies the formula of the theorem for this

example.
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