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ABSTRACT. Let A4 be a local ring with maximal ideal m. Let
f € A, and define u A(f ) to be the multiplicity of the A-module A/Af with
respect to m. Under suitable conditions p 4(f8) = u4(f) + n4(g). The
relationship of u 4 to reduction of A, normalization of 4 and a quadratic
transform of A is studied. It is then shown that there are positive integers
ny,.., ng and rank one discrete valuations vy ,..., vs of A centered at m such
that k4 (f) = nju (f) + - -+ + ny(f) for all regular elements f of 4.

Let A be a nonnull noetherian local ring with maximal ideal m. Let d
be the (Krull) dimension of A, the maximal length of a chain of prime ideals of
A, excluding A. Let k be the residue field A/m, and let G,,A be the associated
graded ring of 4 with respect to m.

Let fE A. If A|Af is of dimension d — 1 define u,(f) to be e, (A/Af),
the multiplicity of the A-module A[Af relative to m in dimensiond —1 [6, p. V-2]
or the multiplicity of the local ring AJAf ([7, p. 294), or[3, p. 75]). If AJAf is
of dimension d, define u4(f) to be e. Call u,(f) the multiplicity of f (at m
in A).

If A is a regular local ring, u, is known to be the order valuation of 4
[3,40.2, p. 154]. If A is entire u, (fg) = p(f) + 1,(g) (Proposition 1, §1).
The order function v, of 4 [7, p. 249] satisfies v, (f + g) = min {v,(f), v, ()},
and (Proposition 2, §1) v, is a valuation if and only if u, is a multiple of v,.

If the ideal (0) is unmixed in A4, u, is found to extend to the compo-
nents of A (Lemma 2, §2). If A is of dimension one, u, is found to extend to
the normalization of 4 (Lemma 3, §2). The extension of 4 to the first neigh-
borhood ring of 4 (a quadratic transform of 4) is found to preserve u, (Lemma
4, §3).

This is used to prove the theorem of §4, that there are positive integers
ny, ..., ngand discrete rank one valuations v, . . . , v; of 4 centered at m
such that for every regular element f of 4

#A(f) = ”1”1(f) L ”sv;(f)-
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322 JAMES HORNELL

The valuations vy, . . . , v_arise from (dimension one) normalization of the first
neighborhood ring of 4, and each #; is the product of the length of a primary
component of (0) in 4 of dimension d, the multiplicity of a d-dimensional com-
ponent of the tangent cone of A at the origin, the index of a normalization and
another factor arising from a nonfinite normalization of an entire local ring of
dimension one.

Let p be a prime ideal of the noetherian ring A. The depth of p will
denote throughout the Krull dimension of A/p.

1. Elementary properties of u,. For an A-module M let /(M) denote
the length of M as an A-module. If p is a prime ideal of 4 and if ¥ is an ideal
of 4 let A, (¥) =1, (4,/4,%)-

p

PrOPOSITION 1. Let f and g be two elements of a local ring A, and
assume either that f is a regular element of A or that u(f) = Then

IlA(fg) = #A(f) + I‘A(g)-

ProOF. If p,(f) = oo, then f and fg are contained in a prime ideal of
A of depth d, and p,(fg) = °°.

Let f be a regular element of A and assume that u,(g) is finite. By
[6, p. V-3], for any h € A such that u, (k) is finite,

ny(r) = 2 2, (4h) e,,(A]p)
14

where the sum ranges over all prime ideals p of 4 of depthd -1 =dim 4 -1,
0 — Af/Afg — AlAfg — AJAf — 0

is exact, Af/Afg =~ A/Ag as A-modules, A, (Afg) = 7\p(Af )+ Rp(Ag), and the
proposition follows.

REMARK. Let A = k[x, y](, ;) = k[X, Y] (x,v)/(X?, XY). By direct
computation u,(y) = 3 and uA(yz) = 5. Thus u,(fg) need not be u,(f) +
w4 (g) if neither f nor g is regular and if both u,(f) and u,(g) are finite.

PROPOSITION 2. Let A be an entire local ring and suppose the order
function v, of A is a valuation. Then

py =ep(A)vy.

PROOF. G,,A is entire, and if f is a nonzero element of 4, f is super-
ficial of degree v,(f). Thus [7, Lemma 4, p. 286], wn,(f) = e, (4/Af) =
em(A) : vA(f)o

COROLLARY . If A is a regular local ring then 4 is the order valuation.



THE MULTIPLICITY FUNCTION OF A LOCAL RING 323

REMARK. Let A4 be an entire local ring of dimension one and suppose the
order function v, of 4 is a valuation. Then G,4 is an entire graded ring over
k = A/m of dimension one which must be the polynomial ring in one variable
over k, dim; m/m? = 1, A is therefore a regular local ring, and p; =v,.

The following proposition gives a geometric definition of u,. The local
ring A is said to be affine if it is the homomorphic image of a localization of a
polynomial ring over a field.

ProposITION 3. Let A be an entire affine local ring which has an infinite
residue field k = A[m. Then A is the homomorphic image of an affine regular
local ring B. Let p be the kernel of this homomorphism of B onto A, which is
local, and notice that B is equicharacteristic with residue field k. Let d be the
dimension of A. Then for every regular element f of A,

pa(f) = , mn} {i (Z(Blp) - Z(B/Bf,) - * - Z(BIBf4_,) * Z(BIBf), m)}
1 fd—1
where the minimum is taken over all f, . . ., f4—1 € A for which the inter-
section is proper. For the definition and notation of the right-hand side of the
equation see [1] and [6, §V—C].

REMARK. By applying Lemma 2, §2 to u,(f) = euh,.t, d_l)(A), by
the additivity of Z(B/p) and the linearity of i(-, m), the hypothesis that 4 be
entire may be dropped from Proposition 3.

ReMARK. This proposition does not necessarily hold if the residue field

is finite. For let k be the field of p” elements, and let 4 = k[X,, X,] 1 Xy’
1°X2

Letting 1’ denote the formula of the right-hand side of the equality of the
proposition, u'(X, (M e (X; — aX,))) = p” + 2, whereas
ﬂA(Xz(naEk(X1 -aX,)) =p" + 1.

ProOF OF ProPOSITION 3.

AP = ¢,y AIAD)

for some fy, ..., f;_, €m [7, Theorem 22, p. 294]

= min {e AlA
i ity pAIAY

where (fy, . . ., f;_;) is an open ideal of A/Af [7, Lemma 2, p. 285]. The
elements f,, . . . , f;_, have representatives in B and in 4, and consider
fi»+ -5 fy-q to be in either B, 4 or A/Af.

Let M be the maximal ideal of B, let B be the M-adic completion of B,
andletp=Bp. A=B/p. B~ k[[X;,...,X,]] for some n. Let
(fi» - - - » f4_;) be an open ideal of A/Af.
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€y tg_pAlAN =e(s p0 1A
([4, p. 300] for ((0) : ; Af) = (0))
= e(fyr fy_1. H)EIP)
= €(£1®1,0, fy_1©1,£O1)

(B & BpIX, ®1-1®X,,...,X,®1-10X,))

=X\ ®1-18X,,, X,81-18X,, f,81,.. fy_,®1,701)8 Sk BIP)

[4, p. 300], for X, ®1-1 ® X;,...,X, ®1 —1 ®X, is a prime sequence
in B ék B/p as will be shown below. As will also be shown below, f; ® 1,

«»f3-1 ®1,f ®1 is a prime sequence in B &, BJp. The above equality may
now be continued.

€(fyomr fd_l)(A/Af )

= "(xl@1-—1®x1,...,xn®1—1®xn)(§/(fp ..
=XBI(fys- - -+f4_1.1) Blp) [6,p. V-12]
= i(Z(Blp) - Z(BIBf,) * * - Z(BIBf4_,) * Z(BIBf), m) [6, p. V-20].

e+ fa_1r £) & BIp) [4,p-300]

It must be shown that X, ® 1-1®X,,...,X,®1-10X, isa

prime sequence in

B& A~( - (IX,1D [[X1D) - )X
By induction, it follows from the fact that X; — a is a regular element of
R[[X,]] for any a € R where R is a noetherian ring.

It must also be shown that f ®1,f,® 1,...,f;_, ® 1isa prime
sequeh;'e in B & A. (f fis++osfy_y) hasheight dinB,so f, fy, ..., fy_,
is a prime sequence in B. Let R and S be two rings cog't,aining as a subring the
field k, and let « be a regular element of R. 0 — R —*— § ig exact where
m,, denotes multiplication by a. S is k-flat, 0 — R & S DTk R ® Sis
exact, and a ® 1 is a regular element of R ®, S. It follows immediately that
f®1,£,81,...,f;_; ®1isa prime sequence of B ® A. If R is a Zariski
ring and if R is the completion of R, then fis -+ -, f4is a prime sequence in
R if and only if f}, . . ., f; is a prime sequence in R [7, Chapter VIII, §5]. 4
and B are affine over k, so B ®, Ais noetherian, and B ®, A is a Zariski ring with
completion B &, A. Thusf ®1,f; ®1,...,f;_; ® 1 is a prime sequence in
B, A

2. The behavior of u, under reduction of 4 and integral extension of 4.
Let A be a nonimbedded local ring (the associated prime ideals of (0) in 4 are all
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minimal). Let I4 be the integral closure of 4 contained in @A, the total quotient
ring of A. The minimal (height zero) prime ideals of 4, /4 and QA are in a
bijective correspondence. Let N be a minimal prime ideal of A. Then A, (0) =
A4y (©) = Ng 4)n(0), and I(A/N) = IA[IN where IN = (JA)N. 1A~ A &

-+ + @ A, where I(4;) = A; and A has a unique minimal prime ideal N .

A, ® - ®4,_ ON,®4,, © - 04, =IN,

fori=1,...,n are the minimal prime ideals of /4. Thus a maximal ideal of
IA contains a unique minimal prime ideal.

LEMMA 1. Let A be a dimension one nonimbedded local ring with maxi-
mal ideal m. Let IA be the integral closure of A in its total quotient ring QA.
There are only a finite number of prime ideals m,, . . . , mg of IA lying over
m, and the indices [IA/m;: A[m] are finite fori=1,...,s. Let A; = dA)m,;-
If f is an element of A,

1,(AJAf) - ;Z my\y, ) [Alm;: Alm) 1, (A;14;)
=1,..,8
the n; being positive integers depending only upon A[N where N is the nil radical
of A.

If IA/IN is a noetherian A-module, then n; =1fori=1,...,s. The
n; may be greater than one, for in Nagata’s example [3, E 3.2, p. 206],s = 1
and n, = p.

ProoF. It may be assumed that f is a regular element of 4, for otherwise
both sides of the equality are infinite. Let B be a finite A-submodule of I4, and
let @ € A be regular and such that aB C A.

1,(B/Bf) =1 ,(Ba/Baf) = 1,(A/Aaf) —1,(A/Ba) - 1,,(Baf{Aaf)
=1,(A/Af) + 1,(A/Aa) - 1,(A/Ba) - 1,(Ba/Aa)
= A(A/Af)~

By [3, Theorem 21.2, p. 70], or by the first part of the proof of [7, Theorem
24, p. 297],

L(lafy= X [Blp;: Alm] I5(B, /B, f)
i=1,..,8 'B '
where py, . .., Ps, are the prime ideals of B lying over m. There are a finite
number of prime ideals in /4 lying over m, for sz <1,(A/Af). Letm,, ...,
mg be the maximal ideals of /4. Note that

1,(dir lim M,) < max, {I,(M,)},
IA|m; = dir limg B/B N m; and [IA/m;: Alm] is finite.
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Let o; € IA be such that o; € m; and o EU;om;. Let By, ...,8, €14
be such that

[A[By, ..., B8)/(m;NA[By, ...,B,]) : Alm] = [IAIm; : Alm]

fori=1,...,s. Letd' =A[a;,...,0,8,...,B8]. By the formula above,
letting A be A;'nm,’ it can be assumed that s =1 and [[A/m,:4/m] = 1. Then
for a finite extension B C IA of 4, 1,(A/Af) = Ig(B/Bf). The nil radical N of

A is now a prime ideal.

First assume that I(4/N) is a noetherian A/N-module. By a finite extension
of A in IA it can be assumed that A/N is normal, and thus that 4/N is a regular
local ring of dimension one [3, Theorem 33.2, p. 115 and Theorem 21 4, p. 40].
Let x € m/N generate m/N in A/N. Let

©) =Ny CNyC-+-CN,_, =NAy C N, =4

be a composition series of A4, over Ay, andlet p,=A NN, n/n;; isa
principal A/N-module: If a,,..., o, € n/n;_, are nonzero and generate
nyn;_, as an 4 or A/N-module, there are v, u; € 4 ~ N such that v,o; = va,
forj=1,...,q (for there is a bijective correspondence between the ideals of
Ay and their contractions in 4). Viewed as A/N-modules, o= uixtl'ozl where
u; is a unit in AN and where t; is an integer. Let z;, = min{r, ..., tq}.
ndn;_, = Aey. So there are a,, . ..,a, € N with n; = (ay, . . . ,a,;). For
i=1,...,¢t

n; +Af A A

T Mt AT i ¥ AF v ar 0

is exact. Map 4 — (n; + AN)/(n;y + ANy y > ya; + (fay, ... ,0; ).
Suppose ya; € (f, ay, . ..,a;_y). Therearec, ¢, ...,c;_y €4 such that
of=ciay ++-+c_ 8,y -ya;. y € Nand p, is N-primary because it is the
contraction of an A yN-primary ideal, so ¢ € (a,, . . . , a). Thus there is an
element b of A such that ya; — baf € (ay, ... ,qa;_,). a,€@,,...,a._;)
which is N-primary, so y — bf € N. Hence
(n; + ANI(n;—y + Af) = AN + Af),

and

IA(A/Af) = KN(O) ly /N(A/(N +A4Af) = 7\N(0) IIA/IN(IA/IA ).

Now drop the assumption that I(4/N) is a finite 4/N-module. Let 4 be
the m-adic completion of A. 1,(4/Af) = 13(A/Af). The pair A, m is a Zariski
ring, so (4/N)" = A/N, 4 and N are unmixed [7, Chapter VIII, §4]. Letting
M; be a minimal prime ideal of 4, I(.Z/Mi) is a finite /f/Mi-module (3, Theorem
32.1, p. 112]. By the finite case above
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13AIAf) = Xy (0) Lz e (AIMICAIM)S).
]/
ACAyC “iMi canonically. Let
©)=Ny,CN, C---CN_, =AyNCN, =4y

be a composition series of Ay. N; ® N Ay, can be refined into a composition
series for A My Now N;/N,_, = Apy/ANN, this completion and localization are
exact, so N;/N;_, ® ANA u, are all isomorphic fori=1, ..., of length

le.,ﬁ(O) =la /ﬁ)M,- /ﬁ((A/N)M],n),
and Ny (0) = Ay (O /7(0). Thus

13(AIAf) = M)l 3 ;3 AINIAIN S,
and it follows that
IA(A/Af )= >‘N(0) 1y /N(A/(N + Af)).

I(A/N) >~ IA[IN, and IA/IN is a regular local ring of dimension one [3,
Theorem 33.2, p. 115 and Theorem 124, p. 40]. Let x be a generator of the
maximal ideal m; of /4 and let u be a unit in /4 such that for some integer n,
f=ux". By a finite extension of 4 it may be assumed that ¥ and x are elements
of A. To finish the proof, notice that I, , (I4/(IA)x) = 1 and IN C (IA)x so that

Ly n(AIN)(AIN)f)
I1,UAIIA)S)

Letn, =1, /N((A/N)/(A/N)x)

LEMMA 2. Let A be a local ring with maximal ideal m, let Ny, . .. ,N,

be the prime ideals of A of depth d = dim A. For every regular element f of A

=1, /N((A/N)/ (4/N)x).

py(f) = P> )‘Ni(o) #A/N‘(f'*'N[)-
i=1,..,n
Proor. If dim A = 0, the formula holds trivially. Let p be a prime
ideal of A of depth d — 1 and containing f. Then B = A, is of dimension one
and is nonimbedded, for f is a regular element. Note that if N, C p, then
Ay 1(0) = AN i(O). By Lemma 1, applied to B and to B/BN, for N; C p,

BB = 2 Ay (Osan (BIEN)IBIEN)D,
i-p

and by [6, p. V-3],
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#4(f) = Z 1(A/Af) e, (Alp)
14
=2 32 MW 0) In (AINDIAIN)S e (Alp)

p NCp
= z: x1\/'1.(0) My /Ni(f+ Np.

i=1,...,n
LEMMA 3. Let A be a dimension one local ring with maximal ideal m, let
my, ..., mg be the prime ideals of IA lying over m, and let A; = IA,, p For
every regular element f of A,
NA(f) = Z )\N'.(O)”i[IA/mi : Alm] IJAI(f)
i=1,..,8
for some positive integers n, . . . , ng where N, is the minimal prime ideal of A,.

This is a restatement of Lemma 1. (If 4 is imbedded, the only regular ele-
ments of A are the units, and the formula holds trivially.)

REMARK. Lemma 3 does not necessarily hold if the dimension of A is
greater than one. Let

A=kW, x, 3, 2]y pz) = KW X, Y, Z) 4y x v, 2y/(X% = 23, XY = WP)
where k is a field. By direct computation u,(x) =9 and u,(y) = 6.
A~ k[ts, ts, 83' t2] (ts,t3ﬁ3’t2) - k[S, t] (s,1)

where s and ¢ are independent transcendentals over X, and /4 = k[s, t] .0
Thus p; ,(x) = ;4 (?) = 3. By the Corollary of Proposition 2, u;, = v where
v is the order valuation of k[s, #] 4 ;) having valuation ring kO[] e 1y =
v + w where w is the valuation having valuation ring k(¢/s*)[s] () (See 84.)

3. The first neighborhood ring of 4: a quadratic transform of 4 which is
compatible with u,. Let G,A be the associated graded ring of 4 with respect to
m. Letm = (xy,...,x,). The natural homomorphisms

AlX,, ..., X,] = k[Xy, ..., X,] = Gy

(where k = A/m) will be used. Let A[X] denote A[X,, ..., X,],and let
k[X] denote k[X,, ..., X,]. I will denote the ideal (X;, ..., X,) of A[X],
k[X], and G, 4.

A familiarity with Northcott’s The neighborhoods of a local ring [S] is
assumed. For the definition of the first neighborhood ring ® of A4, see [5,
p. 361]. Let b, ..., ¥, be the height one prime ideals of ® lying over m, and
let p, be the prime ideal of G,4 corresponding to p; [S, Propositions 1—4].
The preimage of p, in k[X] will also be denoted by p;. For the definition of a
superficial element of 4 see [5, p. 362], [3, p. 72 and Theorem 30.1, p. 103],
or [7, p. 285].
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LEMMA 4. Let A be an entire local ring with maximal ideal m and an
infinite residue field k. Let R be the first neighborhood ring of A, let %, . . .,
Y, be the height one prime ideals of R lying over m, let ®; = %pi. and let
be the prime ideal of G,A corresponding to b,. Then

ra() = efGuAlp g (f) + -+ + ef(GnAl Py ()
foradll fEe A

PROOF. The equality is easily shown to hold for a superficial element of
A. Let f € A be superficial of degree s. u,(f) = e,,(4/Af) = se, (4) [7,
Lemma 4, p. 286], and

b4 (f) = s(ek[X]/py)e, . R,/ Rym) + - - - + e(k[X] /p,)epr(}R,/R )

[S, formula E, p. 370]. Let x be a superficial element of 4 of degree one. f/x°
ER, Bm=Rxfori=1,...,r,and

g () = sCekIX1 [ty @)+ - - + efKIX]p, Yy ()
= ek [X1 g () + - - -+ ek IX [ty (F)-

The proof of the equality in general will occupy the rest of this section.

First let dim A > 2. The proof will proceed by fixing the element f € 4
and blowing up 4 to a one-dimensional ring B such that %! = RRN---NR,
is an integral extension of B and such that G, (B/Bf) is nearly a linear section
of G, (4/Af).

Let v, be the order function of 4 with respect to m. Let x be a super-
ficial element of 4 of degree one, let m = (x,, . .., x,) and let I be a form
of degree one in A[X,, ..., X,] with x =II(x,,...,x,). Il will also denote
its image modulo m in k[X;, ..., X, ]. Consider the diagram,

AlXp, - X ] ——— kX, X

1 I

A ————— G,

where o(g) = (g + m’4 (‘)“)/m"A @+1 ¥ is the canonical homomorphism and
k = Am, x is the homomorphism with x(X,) = x; and x|, =id,, and p(F) is
the leading form modulo m of F. o(Af) is an ideal of G,4, but o need not be
a homomorphism. Let 7Af = Y~ o(Af), let wAf = X M (Af) = (X; —%y5. . - »
X, —x,, [), and let gAf denote o(Af).

p(wAf) = 7Af. First notice that if E € «Af and deg E = v 4(XE) = s then
VoE = Y(E + m[X] + F*') = E(x,, ... ,x,) + m**1. Secondly notice that
¥~1(0) = 740 C p(wAf). If E € wAf and if VpE = 0 then pE € y~1(0) C
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p(eAf). If E € wAf and if YpE # 0 then deg E = v, (xE), YpE = oxE, and
pE € 1AF. Hence p(wAf) C 7Af. Let e € Af. Let E € wAf be such that
deg E = v (e) and xE = e. Then oe = YpE, pE € y~!(ve), and 74f C p(wAf).

Let pbe an isolated prime ideal of 740. Then depth jp= dim 4 — height p
=2 and depth(p, IT) > 1.

Choose © to be a form of degree one in A[X] = A[X,, ..., X,] such
that y = ©(x,) is a superficial element of A and a superficial element of A/Af,
such that @ is contained in no isolated prime ideal of (o, IT) for any isolated prime
ideal pof 740, and such that y is contained in no associated prime ideal of
Ax other than possibly m. Each condition is viewed as a condition on form ideals
in k[X]. Let © also denote its image modulo m in k[X].

Let u = y[x. Let P be the kernel of the canonical homomorphism of A[U]
onto A [u] where A[U] is the polynomial ring in one variable and U maps to u.
PN A = (0), and it follows that P is of height one in A[U]. Letting D, denote
the set of prime ideals of 4 which occur as an imbedded prime ideal of a proper
principal ideal of A (see [2, §6]),Q€ D4y if and only if @ N4 €D, and
Q=(QNA)-A[U]. y —xU is prime in A[U] if and only if x, y form a prime
sequence in A, but this is the case if and only if mE D. f m & D then P =
(v -xU),and PC m[U]. If m € D, then P and m[U] are the associated prime
ideals of (y — xU). For if Q is an associated prime ideal of (y — xU) of height
greater than one then x, y € Q N 4 and ¢ = m[U]. If Q is of height one, either
Q N A = q # (0), in which case @ = q[U] and x, y € q which contradicts the
choice of y, or @ N A = (0) in which case @ = (QA)[U] - (» —xU)=P. It
again follows that P C m[U]. So A[u]/m[u] =k[U],and u = u + m - Alu]
is transcendental over k.

Let S = A[u] ~ mA[u] and let B =S"'A4[u]. B/mB = k(%) a simple
transcendental extension of k. Dim A[U] = dim 4 + 1, the kernel P of the
homomorphism A[U] — A[u] is height one, m[U] is of height equal to dim 4,
and dim B = dim 4 — 1. Consider G, gB and the commutative diagram

AlXy, ..., X,] © BlX,,...,X,]

v \

v

k[Xy, ..., X,] S > k() [Xy, ..., X,]
1w U
GnA ’ ~  G,5B

where ¢ is the canonical homomorphism induced by the inclusion A C B. Define
0, 7 and w for B as was done for 4. Notice that wAf C wBf, so TAf C 7Bf. ©
—ull € wBf. Let q be an associated prime ideal of 7Af which is not I = (X,
ces X)) fO-uTlEK(u) q,then® - uTl Ek[u] -q and © € g, which is
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a contradiction to the superficiality of y. Therefore © —ull €& k(u)q, and © -
ull is superficial as an element of k(u)[X]/k(u) - TAf.

Now u,(f) = e,(k[X]/7Af) and ug(f) = e, (k(u)[X]/7Bf). These modules
are homogeneous and their lengths over k[X] or k(u)[X] are their dimensions

over k or k(u). Thus u, (f) = e (k(u) [X]/k(u) - TAf). By Lemmas 3 and 4 of [7,
pp. 285-286],if dimA4 > 2,

e (k@)[X] k() - TAf) = e/ (k@) [X] /(vAf, © - uTD)),
and if dim 4 = 2,
ef(k(w)[X] k(D) - TASf) = ef(k(u)[X]/(rAf, © - ull))

=L@y x) @ + (A", TAf): © —ull)/(I°, TAS))
for all large enough n and ¢ with n > ¢. Because © — uIl is contained in no
associated prime ideal of k(u) - 7Af other than possibly /, the homogeneous
parts of like degree of k() - 7Af and of (k() - TAf: © — ull) are equal for
sufficiently large degree. So for large enough n and ¢, over k(u)

¢+ (", 1A1): @ —ull)/U°, TAf)) = (k(u) - TAf: © —uI)/k(u) - TAf,
and for dim4 = 2,

ef(k()[X]/K(u) - TAf) = efk@)[X] [(rAf, ® — uT1))
= dimy, g, (k(@) - 7Af: © = WTL)/k() - 7Af.
Let

a = dimy ;,7Bf/(rAf, © - ull)

and
B = dimy (z(k(u) - TAf: © — ull)/k(u) - TAf.

It is to be shown that o = . Then « is finite, for § is finite by the superficiality
of © — ull, and it follows that if dim A > 2, u, (f) = pg(f). Ifdim4 =2t
follows from a = @ that u, (f) = ug(f).

If Wis a set of polynomials in X, . . ., X, let U ) be the set of all
elements of ¥ which have no nonzero homogeneous component of degree strictly
less than d, and let 2, be the set of all homogeneous elements of ¥ of degree d.

Let S = A[U] ~ m[U], and let A(U) denote S~'A[U]. Let 7(P, f) =
p(P, wA(U)f) and 7(© — UTI, f) = p(® — Ull, wA(V)f). Consider
AW)IX] HU)LX]
v lv
B[X] ) k() [X]
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where p() is the leading form in X, . . ., X,, of @ modulo mA(U)[X] or
mB[X], where Y(U) = u and /| 4(x) = id4 x> and where § (U) = u and
Vheix) = idy(x)- Because P C (P, wA(U)),

V1(P, ) = pY(P, WA(U)f) = 1Bf.
Note that _E: KU)[X] — k(u)[X] is an isomorphism over the isomorphism
k(U) = k(u) induced by ¢. Let
y = dimy (gryr(P, )/7(® = UTL, f) = dimy (y7Bf| Y\(© ~ UIL f).
Then
dimy, y7(f, © - UT/(r4f, @ - UM =a = 7.
Let H be p((wAU))": AW)[[x]) © — Ull) where ~ denotes the /-adic

completion. Let Q be an associated prime ideal of wA(V)f. (X; —x;,...,

X, —x,) C 0, 50 Q C(mA), ). A)X] (jpa(w), 1) With the I-adic topology
is a Zariski ring with completion A(U)[[X]]. Hence

(@AWY g uyi1x11© =~ UT) = (@A) S 4 (uy1x1© — UTT)”

[7, Corollary 4, p. 266], and H = p(wAU)f: © = UTN). So Y C (k(u) - 7Af:
© — UIl). Let
Then
dimy(y(k(U) - 7Af: © - UNM)/H =B - 8.
It is to be first shown that a — v = — 8.
Let M€ AU)[X,, . . . , X,,] be homogeneous of degree d such that M +
mA(U)[X] € 7(© — U], f). The following four assertions follow easily from the

fact that x; — X; € wA(U)f. There is an integer # <d — 1 and forms H; €
A(D)[X] of degree i = h,...,d — 1 such that

© - UN)H, +- -+ Hy_y) + M€ wAU)f + AV)X] (g41)-
If M- M € mA(U)[X],, then
©-UNYH, +- -+ Hy_;) + M € wAU)f + AU)[X] (g4 1)-

If H, — H, € mA(U)[X],, there are forms H; € A(U)[X] fori=h+1,...,
d — 1 such that

©@-UNYH, +--+Hy_))+ME wAU)f + AW)X] (g41)

If F € A(U)[X] 4 and if F + mA(U)[X] € k[X] - 7Af, then
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©@-UnyH, +---+Hy_;)+ M+ F) € wAWU)[X] + AU)[X] (441

Note that H, + mA(U)[X] € (k(U) - 7Af: © — UI). Let h(M) < deg M be the
maximal degree of all such H, as above. Let H(M) be the set of all such H, as
above with A = h(M). M + mA(U)[X] € (rAf, © — UN) if and only if A(M) =
deg M — 1 which is true if and only if i{,(5) C H(M) (which in this case is
AWO)[X] o)) If b € AU) ~ mA(U), bH(M) = H(®M). If H € H(M) then

H + mAW) X pary) + Huary © HODImAU)X] p ar)s

and H(M) will be considered as a subset of (k(U) * 7Af: © — UM)/il.

A k(U)linear injection of 7(f, ® — UI)/(rAf, ® — UI) into
(k(U) - 7Af: © — UI)/H is to be defined. Let M,, ..., M, € A(U)[X] be
forms such that their residues modulo mA(U)[X] are in 7(f, ® — UII), such that
their residues in 7(f, © — UIl)/(rAf, © — UII) are linearly independent over k(U),
such that h(M;) < h(M,, ,) and such that if h(M;) = h(M,, ,) then deg M; >
deg M, ,. Choose n; € H(M;). Suppose n;, . ..,n,_, are linearly independent
over k(U), and suppose n, = a;n, +* * - + a,_;n,_; where a; € A(U). The
5,- are nonzero only for those M; with h(M)) = h(M,). h(M,) = h(M,_,), for
n,#0. Let M, ..., M, be exactly those M; with i < ¢, h(M;) = h(M,) and
deg M; = deg M,. Then h(M, —a M, ~* - -—a, M, ,)> h(M,), so replace
M, byM, -a M ~---—a, M, ,,choose anew n,, and reorder M,, . .., M,. With
a finite number of repetitions of the above process 1, . . . , 1, will be linearly
independent, for at worst #(M,) will eventually be greater than A(M,_, ), and
linear independence will follow. Thusa <f-8,anda—-y<f-56.

A construction analogous to the above is used to derive the opposite in-
equality. Let H € A(U)[X], with H + mA(U)[X] € (k(V) * TAf: © - Ul).
Let m(H) be the maximal integer m such that there exists a form M of degree
m and forms H; of degree i =d + 1,...,m — 1 such that

© = UNYH + Hyyy + -+ + Hy_y) + M E AU + AUV)X] (41

and M + mA(U)[X] € (rAf, © — ull). If such a maximum does not exist then
H+ mAU)[X] € H, and if H + mA(U)[X] ¢ H,then m(H)>deg H+ 1. Let
M(H) be the set of all such M of degree m(H). M(bH) = bM(H) for b € A(U) ~
mA(U). If M € M(H) then M + mA(U)[X] C M(H),

M + mAU)[X] gy + GAS, © = UTD),,, 41y © ME)mAU)X] a1y

and M + mA(U)[X] me) € 7, © = UIl). M(H) will be considered as a subset
of 7(f, © — UN)/(rAf, © — UIl).

Let My, ..., Hs 5 be forms in mA(U)[X] such that their residues modulo
mA(U)[X] are in (k(U) - 7Af: © — UII), such that their residues form a k(U)-
basis for (k(U) - 7Af: © — UN)/H, m(H)) < m(H, ) and such that if m(H)) =
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m(H,,,) then deg H, > deg H,, ,. Choose u; € M(H,). Suppose p,...,H,y
are linearly independent over (U) and p, = ayp; + -+ * - + a,_,i,_, where
o, € A(D). E, is nonzero only if m(H,) = m(H,), m(H,_,) = m(H,) for u, # 0,
and let H,, . .., H,_,; be those H, with i < ¢, m(H;)) = m(H,) and deg H; =
deg H,. Then m(H, - aH,—"**—a, H, )>m(H,). Replace H, by H, -
of ~-—a, H, ,,choose u, anew, reorder H;, . . ., Hy_ 5, with a finite
number of repetitions the injection is defined, and @ =y = — 6.

Thus a =y =B = 6. The final goal in the proof of a = § is to show that
v and & are equal.

Let 9 C B be two ideals of A(U). As either k(U) or A(U)-modules, 78/
= ¢B/oU. Now

(mn Ny +mn+l/mn+l)
0%B/oY = z 37)
n>0  (m" N +m" ! m" )
(m" N +mth m*ny
n>0 (M'NY+ m**tl)  n>o mtNnyY + m"tl N g)

-1

(form" NB)NM*" N g+ m**)=m" N Y+ m"*! N B). Hence,
by BIT8 = Ly (1) BIW-
So

¥ = Lywy® NI = xU, £),
and
8 =LA f:y —xU)AU)S.

Let ¢ € (AQU)f : y —xU). (W[ —xV) EA), fWI Yy —xV) EP,
&P, so (YN —xU) EP. Let §,(¥) = WIf )y —xU). If ¥ € A(V)f then
£,(¥) € A(U)y - xU). Hence

£ AWy —xU)AUYf — @, NIy —xU, f)
is a homomorphism. Let € Ker £,, that is, let (W/f )y — xU) = af + b(y —xU)
for some  and b in A(U). Then (¥ — bf)(y — xU) = af?, and ¥ € (A(V)f2:
y=xU),f). If ¢ €AW ?: y - xU), then ¢(y — xU) = af 2 for some a €
A(U), &,(9) = (@If Xy —xU) = af, and ¢ € Ker §,;. So

Ker £, = (AU)f*: y - xU), AQU)Y.

Now,
AW 2y = xDIAWU) ' y —=xU) N AU S

~ ((AW)f*: y —xU), HIAU)S,

and a homomorphism
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g (A" y = xUIAQU)S : y -xU) 0 AU)S
(¢ (@ NI =xU, HmE) ... )ImE_,
with
Ker & = (AU =1 y = xU), NIAU) f
is to be defined inductively.
If y € A" y-xU), let () = WIf Yy —xU)EP. If Yy €

AW y = xU) N A(UYS, then Y[f € (AU : y - xU), &, (VIf) =
(U’/fi)(y -xU) = g(V), and §,(Y)EIm§;_,. Let Y €Ker §;- Then

WYy —xU)=af + b(y - xU)
+W Xy =xU) + -+ Wy [ F )0 - xU)
where Y; €(AU)f/:y —xU)forj=1,...,i-1,and
W=bf =Yy, = = fY_ ) - xU) = af i1,
so Ker & C (A(UY*™*: y - xU), YA If $ € (AU)f'+!: y —xU) then
£(9) = GIf'Yy — xU) € A(U)f, and ¢ € Ker §;. Thus

Ker &; = (AQUY*™!: y - xU), )IAUY.

NA* = (0), so N;(AW)***: y - xU) = (0), and by [3, Theorem 30.1,
p- 103], N,Ker & C N, (A(V)f + m¥) = A(U)f. Or by [5, Theorem 1, p.
365], because y — xU is superficial of degree 1, (m'*14A(V): y —xU)=m!
for all sufficiently large 7, so M, Ker £ C N, (A(V)f + m’) = A(U). If ¢ EP
there is an integer s such that f5¢ € A(U)(y — xU), for there is an integer s
such that P N m* = A(U)y = xU) N m®. Then £,(f°¢/(y — xU)) = ¢.
Let
%, = (AU)f': y - xU), f),
and let
B, = (W) - xU)¥ € (UQY*: y =3} /).

Then n,?I, = A(U)f and ¥, = A(U)f for some ¢ > 1, for (A(V)f: y = xU)/A(U)f
is of finite length. Hence

Uy =AW :y-xU)D U D - DU, =AU,
and
-xU,f)=8,CB C---C B=f)

where ¥/, , = B, ,/B; as A(U)-modules. Thusy =3.
The above construction is inductive to dimension one. Let B; = A and
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B,;_, = B where d is again the dimension of 4,1et ©,_; =0, y,_; =y, uy_; =
uand L;_, =©—UIl. ITand x = II(x;) remain fixed throughout the induction.
Suppose B;, ; has been defined with the required properties. Let ©; be a form of
degree one in A [X] such that ¥j = ©,(x;) is a superficial element of B, , and of
Bj, 1/B;1f, ©; is not contained in any associated prime ideal of (p;, Ly_;,
cesLyy 1) other than possibly I nor contained in any isolated prime ideal of
(9> Lg—15- -+ L4, 1) for any isolated prime ideal p, of 740, and such that
;is contained in no associated prime ideal of B;, ,x except possibly mB;, ;.
The above arguments hold when A4 is replaced by B;, , and B is replaced by B; =
S71B;, 1 [w] where w; =y;/x and S =B, [u;] ~ mB; , [u;].

Let B = B,. B is one dimensional, B is local with maximal ideal mB, and

ks () = ug(f).
Let ®! be T7'R where T= R~ (p, U~ --U},) and where p;, ..., %,
are the height one prime ideals of R. Foreveryi=1,...,r,

R'plﬁA[ud_l, cesuyl =mlug_g, .. yupl.

ForletzE€Afuy_y, ..., U;] N R'p where b denotes one of the ;. Then
z2€A[uy_q,...,uy] Nh. Let p be the prime ideal corresponding to p which
is associated to 740, and let F(®,_;,...,©,, M bea formin €,_;,...,0,
and II with coefficients in 4 such that

F©4_(x;/x), . .., 0,(x;/x), M(x;/x)) = z.
Aluy_y,...,u;] CR,s0z€E pand by the correspondence between p and p,
F@®u_45---,0,,1)+m[X] € p. Suppose Fmodulo m, F,is nonzero. If F
were a power of I, then II € p which is a contradiction. So there is an integer j such
thatd —1>j>1,FE€k[O,_,,...,0;,1] and FEk([O,_y, - - ., O, 4, TT].
Then

F=06N°mod (©y_,-M,...,6;,; -M)C(p,Ly_yg,.--,Ls5q 1)
for some form G € k[©;, ] which is not divisible by Il Letting s > 1 be the
degree of G, 9,’ €(psLy_q5- -+ 5Ly, M) which is a contradiction to the
choice of ©;. Hence F=0,and z€muy_y,...,u].

B is a ring of fractions of A[uy_y, ..., u,] withmuy_y,...,u] C
mBNA[uy_y,...,u;]. mBisa prime ideal of height one of B, so mB N
Alug_y, ... ,u;] must be of height one also, and

mBNAlug_y,...,ul =mlug_q,...,u].

It follows that
B =A[ud—l’ ) ’ullmlud_l,...,ul]’

and therefore B C R!.
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R = ®, N -~ N R, isa finite integral extension of B = B,. The proof
is an adaptation of the proof of Theorem 10 [5, p. 371]. Let b,...,)p,
also denote the proper prime ideals ERI]:),, ceey SR‘\O, of R, let m; be integers
such that p7! - -+ p, " C ®'m, and let n. =py! -+ p'". Then m* C
®R'm)* and (R'm)** C n® where ¢ = max {m;,...,m}. Let B be the mB-
adic completlon of B, and let R be the R!m-adic completion of R!. R is a B-
module, & is the madic completion of R!, n,,>o m”® = (0), and by [7, Corol-
lary 2, p. 273], the mB-adic topology of B is induced by the m-adic topology
of R, It is clear that R/%m = R /R!m

Blx,/x, . ..,x,/x] is of dimension one [3, Theorem 33.2, p. 115], and
®! is a ring of quotients of Blx,/x,...,x,/x]. b N Blx,/x,...,x,/x] for
j=1,...,rare distinct proper prime ideals of B[x,/x, ..., x,/x]. Let p be
a proper prime ideal of B[x,/x, . .., x,/x]. Blx,/x,...,x,/x] is a ring of
fractions of A[x,/x, ..., x,/x],sop N A[x,/x, ..., x,/x] is a prime ideal of
height one, therefore there is a prime ideal p of R! such that p N
Alxy/x, ..., x,/x] =p NA[x,/x, ..., x,/x],and P N B[x,/x,...,x,/x] =
p. From the above assertions it is immediate that %! = B e /%, ... x,/x]).

Let 6;; be the residue of x,/x modulo ;. ®'/py; =k, ..., %4_1)
[0,-l s e e e m] is a field, and 6;; are algebraic over k(u) = k(u PP Ty X
By multiplying together the m;th power of a polynomial which modulo }y is the
algebraic relation of 6;; over k(u) forj=1,...,r,there is a relation

i) + o Oyfx) " + o+ ag €ER'm

where @, . . ., ,_; € B. Therefore R!/R'm is a finite B/mB module, and R
is a finite B module [7, Corollary 2, p. 259]. So for every positive integer s
there is a relation
(c//x) € [Bx/x)'~! +- -+ +Bx;/x) + B] N B
= B(x/x)'~! + -+ + B(x;/x) + B
for the latter module is finitely generated over the Zariski ring B and is therefore
closed. ®! is thus finite integral over B.

It is to be shown that [R'[%:B/mB] = e/(k[X]/p,). From the choice of
©; it follows that L; is a superficial element of

k(';d—l’ AR ] ;,)[X]/(Ps ’Ld—la o ’Li+l)’

for uy is transcendental over k(4y_,, . .. , 44). The dimensions are greater
than one, so

e[(k["q/ps) = e](k(;)[X]/(py Ly_qse--s Ll)),
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where k(u) now denotes k(u 4_;, - . . , 4 ;). Let My (X) EA[X] for k =1,
..., t be forms of degree d; such that the residues of M, (x,/x), . . ., M,(x;/x)
modulo b, form a basis of RI/\:)_w over k(u)= B/mB. If G is a form in
A[X] of degree g > max {d,, . .., d,}, then

Gl = 2 o (M6 M, ()
=1,..,t

for some ay, . . . , &, € k(u), for 1I(d;) = 1. Letting

0— K — k@)X, . . .» X,] = k@0, .. .,05,] —0

be the exact where X; — 0, k(u)[X] g/Kg is of dimension ¢ over k(u) for
g=>max{d;,...,d,}. KD(py Ly_4,...,L,) by the correspondence
between by and p,. Let G €K,. There is a unit § in k(u) such that G €
k[u][X],, and there are F; € k[u] [X] forj=1,...,d -1 such that
E'=T°G = ;=1§a-1(®’ - ull)F; € k[X] 4,

where c is the degree of u in fG. Let E € A[X] g+c e a representative of E.
E(x;/x) € b, s0 E' € p;. ThusI°G € (py, Ly_y, - -+, Ly). Inductively I is
contained in no minimal prime ideal of (g, Ly_y, - - -, Li)' For let P be such
a minimal prime ideal and suppose I1 € P. Then @i € P, and inductively by
dimension, P is a minimal prime ideal of (o, Ly_4, .- ., Li+1 , IT) which is a
contradiction to the choice of ©;. (o, Ly, - . . , L) being of dimension one,
G is contained in every primary component of (jo;, Ly, . . . , L;) except perhaps
the primary component belonging to /, K, = (pg Lgs « - - 5 Ly), for all large
enough values of g, and by comparison of the Hilbert polynomials, ¢t =
e (k[X]1/py)-

Apply the first part of the proof of Lemma 1 to ! over B = B,, and
obtain

w (N =pgN= X eflklX]/pug (£).

i=1,..,r

4. The valuation formula. Let 4 be a local ring with maximal ideal m.
For a definition of a valuation of A, finite on 4 and centered at a prime ideal
of 4, see [2, §1]. By the additivity formula u,(f) = z, Ap(f )e,,(A[p) where
the sum ranges over all prime ideals p of A which are of depth equal to the
dimension of 4. Assume that 4 is nonimbedded. Then the prime ideals p are
all of height one, but they do not necessarily include all the prime ideals of
height one. Then also )\p(Af ) is a finite sum of finite rank one discrete
valuations centered at p.

As an example, let A be an entire factorial ring of dimension greater than
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one. Let {v}; be the set of prime divisors of type one of 4, and let p, be a
prime element of 4 with v(p) = 1. Let w; and w, be two distinct prime
divisors of A centered at m, let a, = w,(p,) and b, = w,(p,), and then w; =
Z,ay and wy = Z by, Letc, =min{a, b}. Then Z,cy 2wy, Z cpy, #w,,
and Z cp, is not a sum of valuations centered at m.

THEOREM . Let A be a local ring with maximal ideal m. There are inte-
gral valued valuations v,, . . . , v, finite on A centered at m, and there are
positive integers ny, . . . , ng such that for every regular element f of A,

l‘A(f) = nlvl(f)"' ceet n_,v,(f).

If A is nonimbedded if u 4 (f) = nyv, (f) + * -  + nw (f) for all regular elements
fof A, if the valuations v,, . . . , U, are independent, and if the ideal generated
by each v/(A) is all of the integers, then the valuations v,, . . . , v, and the
integers ny, . . . , ng are unique. (If A is of dimension zero, u, is the trivial
valuation: p,(f)=cif fEmand u,(f)=0iff¢ m.)

The proof of the formula is now straightforward. By Lemma 2, 4 can be
assumed to be entire. It may also be assumed that the residue field of 4 is
infinite. In fact let 4 [x] be the polynomial ring in one variable over 4, let S =
A[x] ~ mA|[x], and let A(x) =S ~1A4[x], a local ring with maximal ideal m -
A(x) and residue field A(x)/mA(x) = k(x) a simple transcendental extension of
k = Alm. Then p,= p, (), for A)AEX) = (A/Af)(x) and letting B = A/Af

QHB(X)B(x)= Z _@Lxl:x E m” GzB(x)

n+1
n>0 m"*1B(x) nz0 ™

m"* + Af ~
at1q a7 o ®; k(x) = (G,,B) & k(x),

E~ 4
n20m

so the multiplicities of A4/Af and of A(x)/A(x)f are equal. A valuation of
A(x) restricted to A remains a valuation. By Lemma 4, 4 can be assumed to
be one dimensional, by Lemma 3, 4 can be assumed to be normal, and apply
the Corollary of Proposition 2 to obtain the formula.

The proof of the unicity uses a slight generalization of the approximation
theorem. Define two valuations of A to be equivalent if there is an order iso-
morphism and the usual commutative diagram, and to be independent if they are
not equivalent.

LeEMMA. Let Q be a noetherian nonimbedded ring which is its own total
quotient ring. Let vy, . .., v, be independent rank one valuations of Q, let
Uy, . ..,u; €Q and let o; Ev(A) be finite fori=1,...,s. Thereisan
element u of Q such that v(u —u) =o; fori=1,...,s.
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ProoF. Q=0 ® - - ® Q, where Qi is a local ring of dimension
zero, and let

%I=Ql e"'eQi_l $m1®QI'+l 9“'®Qn

where 2, is the nil radical of Q;. Letv,, ..., v, be all of the valuations

Vg5 -« - » Ug Which have N,,i =N,;. Thenv,, ..., v, are naturally independent
valuations of Q/N, = k,. By the approximation theorem for a field [7,
Theorem 18, p. 45], there is an element u} of O, with v/(u} — proj; u;) = ¢
fori=1,...,t Repeat this for each N,-, obtaining u; GQ, for2<j<n.
Letu=u; ®--* @ u), and the proof of lemma is complete.

A is assumed to be nonimbedded. Suppose nyv; + -+ nuy, =0
where v,, . . ., y; are independent nontrivial rank one valuations finite on A4.
It is to be seen that n; 20,...,n,_; >0andn, > 0. Letu=f[gE€E QA
where f and g are elements of A4, such that for some 7, v,(u) > 0 and v,-(u) =0
for j #i. Then v/(f) > v,(g), v;(f) = v;(g) for j # i, nj(v(f) = v/g)) > 0 and
n; = 0.

EXAMPLE. Let

A= C[x, b Z] (x,y,2) = C[‘X’ Y’ Z] (X,Y,Z)/(XY—Zs)

which is normal, analytically irreducible and Cohen-Macaulay. By direct compu-

tation u, (x) =p, (») =3, (x + ) =2,and p, is not a valuation. In fact,u, =

v, +v, where C(y/z)[z] (z) and C(x/z)[z] ;) are the valuation rings of v, and

v, respectively. Note that neither x nor y are superficial elements of A.
EXAMPLE. Let

A=k[w, x, 3, 2] (y.x.p.2) = Kls*, $°t, 52, t4](34’s3t,”3't4) Ckls, 1],
the polynomial ring in two variables over a field k. I4 = k[s*, 531, s2¢2, st3, £*],
D, = {% s, st3, t*)} and 4 is not Cohen-Macaulay. A4 is the localization of
a projective (graded) ring, and by Proposition 2, §1,u, = e, (4, where
v, is the order valuation of 4. By direct computation u,(x) = 4, so e, (4) =
4. Also R= k(s/)[t*] o which verifies the formula of the theorem for this
example.
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